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Excess
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A TU game v is given

Lu

The nucleolus

Definition

The excess of a coalition A over the imputation x is

e(A, x) = v( Zx,

i€A

e(A, x) is a measure of the dissatisfaction of the coalition A with
respect to the assignment of the imputation x

An imputation x of the game v belongs to C(v) if and only if
e(A,x) <0 for all A
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Definition

L The lexicographic vector attached to the imputation x is the
The nucleolus (2™ — 1)—th dimensional vector 0(x) such that

Q 0;(x) = e(A, x), for some AC N
@ 01(x) > 0z(x) > -+ > O_1(x)

Definition
The nucleolus solution is the solution v : G(N) — R” such that v(v)
is the set of the imputations x such that 6(x) <, 6(y), for all y

imputations of the game v

Remark

x <y y if either x =y or there exists j > 1 such that x; = y; for all i < j, and x; < y;. <
defines a total order in any Euclidean space
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Example

Three players, v(A) = 1 if |A| > 2, 0 otherwise.
Suppose x = (a, b,1 —a— b), with a,b >0 and a+ b < 1. The
coalitions S complaining (e(S, x) > 0) are those with two members.

The nucleolus

e({1.2}) = 1 - (a+ b), e({1,3}) = b, e({2,3}) = a

We must minimize
max{1l —a— b, b, a}

v =(1/3,1/3,1/3)

Remember C(v) =0



Nucleolus: one point solution
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The nucleolus

For every TU game v with nonmepty imputation set, the nucleolus
v(v) is a singleton

Thus the nucleolus is a one point solution



Nucleolus in the core
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The nucleolus

Proposition
Suppose v is such that C(v) # (. Then v(v) € C(v)

Proof Take x € C(v). Then 61(x) < 0. Thus 61(v)(v) < 0. This
implies 0;(v)(v) < 0 for all i, i.e. no coalition complies about v(v).
Then v(v) € C(v) W



Another example
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v({1}) = a,v({2}) = v({3}) = v({2,3}) = 0, v({1,2}) = b,v({1,3}) = ¢, v(N) = ¢

The nucleolus
C(v) ={(x,0,c—x): b<x<c}

Must find x: v(v) = (x,0,c — x). The relevant excesses are

e({1,2}))=b—x, e({2,3})=x-c

Thus b b
v(v) = {(Z50,~=)}



The Shapley value
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The Shapley —
valle Definition

Let v be a TU game. Define the solution assigning the following
quantity o;(v) to player i:

= Y s Uiy - w(s)]

Se2M\{i}




Comments
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mi(v,S) == v(SU{i}) — v(S)

is called the marginal contribution of player i to coalition S U {i}

The Shapley
value

The Shapley value is a weighted sum of all marginal contributions of
the players.

Interpretation of the weights

Suppose the players plan to meet in a certain room at a fixed hour,
and suppose the expected arrival time is the same for all players. If
player i enters into the coalition S if and only at her arrival she find
in the room all members of S and only them, the probability to join
coalition S is
sl(n—s—1)!
n!



An example
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The game:

v({1}) = 0, v({2}) = v({3}) = 1, v({1,2}) = 4, v({1,3}) = 4, v({2,3}) = 2, v(N) = 8
The Shapley
value

1 2 3
123 [ 0 4 4
132 [ 0 4 4
213 | 3 1 4
231 | 6 1 1
312 [ 3 4 1
321 [ 6 1 1

18115 [ 15

6 6 6

1111 1 1
o1(v) = ?[V({lﬂ}) = v({2})] + g['/({lﬂ}) — v({3})] + ;[V({N}) —v({2,3})] =3

2 5 4 15
ga(v)= -+ -+ - = —
6 6 2 6
2 5 4 15
o3(v) = -+ -+ - = —
6 6 3 6



A simple airport game
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The game:

The Shapley v({1}) = 0, v({2}) = v({3}) = 1, v({1, 2}) = 4, v({1,3}) = 4, v({2,3}) = 2, v(N) = 8

value

1 2 Bl
123 [ [ — ¢ 3 — o
132 | ¢ 0 c3 = c]
230 | o 3 -0
231 | O [ c3 — &
312 [ 0 0 3
320[0 |0 =)
E E o —c c &
= la-2-1

The first player uses only one km. He equally shares the cost c1 with the other players. The secondo km has a marginal cost of
cp — c1, equally shared by the players using it, the rest is paid by the player, the only one using the third km



Interesting properties for a solution

iy The Shapley value, among others, satisfies the following important
properties:

@ For every v € G(N)
The Shapley
> ai(v) = V()

@ Let v € G(N) be a game with the following property, for players
i,j: for every A not containing i,j, v(AU {i}) = v(AU {j}).
Then

@ Let v € G(N) and i € N be such that v(A) = v(AU {i}) for all
A. Then
oi(v)=0

Q for every v,w € G(N), o(v + w) = o(v) + o(w)



Comments
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The Shapley » Property 1 is efficiency

value

» Property 2 is symmetry: symmetric players must take the same

» Property 3 is Null player property: a player contributing nothing
to any coalition must have nothing

» Property 4 is additivity



The Shapley value for simple games
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In the case of the simple games, the Shapley value becomes

The Shapley
value

vy = Y e Din =t

n!
AEA;
where A; is the set of the coalitions A such that
e icA
@ A is winning

e A\ {i} is not winning



Weighted voting doesn't work

ey In a stock company A owns the 10% of the stock, B the 20%, C the
30% and finally D the 40%.

Roberto

Lucchetti

The Shapley value of the associated simple game is

The Shapley 1 3 3 5
value - (- - - —
o= n),

Note the difference with the proportional ownership:
( 1 2 3 4 )
107107107 107
Now suppose there is a little exchange between B and D providing

the new situation: A owns the 10% of the stock, B the 21%, C the
30% and finally D the 39%.

The new Shapley becomes



Probabilistic power indices

Cooperative

s () In simple games the Shapley value assumes also the meaning of
Tl measuring the fraction of power of every player. To measure the
e relative power of the players in a simple game, the efficiency
requirement is not anymore mandatory, and the way coalitions could
form can be different from the case of the Shapley value

Power indices

Definition

A probabilistic power index 1) on the set of simple games is

biv) =D pi(S)mi(v,S)

Se2M\{i}

where p; is a probability measure on 2N\/}

Remember: mi(v,S) = v(SU{i}) — v(S)
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Semivalues

[ Definition
A probabilistic power index ) on the set of simple games is a
semivalue if there exists a vector (po, - .., Pn—1) such that

Gi(v)= Y psmi(v,S)

Se2M\{i}

pi(S) = ps, i.e. the coefficient does not depend from player i and
depends from the coalition S only through its cardinality s.

Since the index is probabilistic, the two conditions must hold
e p; >0
o Xiso ("ps =1

If ps > 0 for all s, the semivalue is called regular




Examples
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These are examples of semivalues

@ the Shapley value
@ the Banzhaf value

M= % 2,77171(v(5u{i})_v(5)).

Se2M\ii}

Semivalues

e the Binomial values: ps = g5(1 — q)" 571, forevery 0 < g < 1
@ the marginal value, ps =0fors=0,...,n—2: p,_1 =1
@ the dictatorial value p, =0fors=1,...,n—1: pp=1



The U.N. security council
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R 3 Let N = {1, ...,15}. The permanent members 1, . . . 5 are veto players. A resolution passes provided it gets at least 9 votes,
including the five votes of the permanent members

B Let i be a player which is no veto. His marginal value is 1 if and only if it enters a coalition A such that a = 8 and A
contains the 5 veto players. Then

6!-9-8-7
oj = —————— ~ 0.0018648
15! - 3.2
SerRvEes » The power of the veto player j can be calculated by difference and symmetry. The result is oj =~ 0, 1962704

Calculating Banzhaf power index

» Let i be a player which is no veto. Then

1 /9 21
Bi = —( ) = — =~ 0.005127
214 \3 212

» Letj be a veto player. Then

1 10 10 1 3. /10 53
ﬁj:—(<)+...(>>:f 210*2() = — ~ 0.0517578
ol4 4 10 214 k 210

1

105.25

. o;
»  The ratio 0_—]

1§

» The ratio 5L ~ 10.0951
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