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Zero sum games

General form

Definition
A two player zero sum game in strategic form is the triplet
(X, Y, f: XxY —=R)

X is the strategy space of PI1, Y the strategy space of PI2, f(x,y) is
what PI1 gets from PI2, when they play x, y respectively. Thus f is the
utility function of PI1, while for PI2 the utility function g is g = —f.
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Zero sum games

Finite game

In the finite case X ={1,2,...,n}, Y ={1,2,..., m} the game is
described by a payoff matrix P

Example

o
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PI1 selects row i, PI2 selects column j.
In general

where pj; is the payment of PI2 to PI1 when they play i,/ respectively.



Zero sum games

How to solve them

Consider the game

4 31
7 5 8
8 2 0

@ minjp;; =1, min; pp; =5, min;p3; =0 vy =5

@ max; pj1 = 8, max; pjp =5, max;pz =8, w=>5
Thus

@ PI1 can guarantee herself to get at least

vi = maxmin pj
|
@ PI2 can guarantee himself to pay no more than
V2 = mjin max pjj
J i

In the example v = v, =5 and
Rational outcome 5.Rational behavior (T=27] = 2)
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Zero sum games

|dea of rationality in zero sum games

Suppose
o Vi =W =V,
@ Tthe row such that pj > vo» = v for all j
@ (J) the column such that py < vi = v for all

Then p; = v and pj = v is the rational outcome of the game

@ T is an optimal strategy for Pl1, because she cannot get more than
Vo, since v is the conservative value of the second player

@ J is an optimal strategy for PI2, because he cannot pay less than v,
since vy is the conservative value of the first player

Observe T maximizes the function o(i) = min; p;j, T minimizes the
function (j) = max; pj;
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Zero sum games

For arbitrary games

(X,Y,f: X xY >R)

The players can guarantee to themselves (almost):
PI1: vi =sup, inf, f(x,y)

PL2: v, = inf, sup, f(x, y)

v1, Vo are the conservative values of the players

If vi = vp, we set v = v; = v, and we say that the game has value v
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Zero sum games

Optimality

Suppose

Q vi=wn:=v

@ there exists strategy X such that f(x,y) > v forally € Y

@ there exists strategy y such that f(x,y) < v for all x € X
Then

@ v is the rational outcome of the game

@ X is an optimal strategy for PI1

@ y is an optimal strategy for PI2

Observe
@ X is optimal for PI1 since it maximizes the function
a(x) =infy, f(x,y)
@ j is optimal for PI2 since it minimizes the function
Bly) = sup, f(x, y)
Observe: a(x) is the value of the optimal choice of PI2 if he knows that PI1 plays x
and symmetrically for B(y)
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Zero sum games

Let X, Y be nonempty sets and let f : X x Y — R be an arbitrary real
valued function. Then

supinf f(x,y) < infsupf(x,y)
x Y Y x

Proof Observe that, for all x, y,
inf f(x,y) < f(x,y) < supf(x,y)
Thus .
alx) =inff(x,y) < supf(x,y) = B(y)
Since for all x € X and y € Y it holds
a(x) < B(y)

it follows
supa(x) <infs(y) M
X y

As a consequence, in every game v; < v
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Zero sum games

Equality need not hold

vi=-1, w=1

Nothing unexpected. . .
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Zero sum games

Case vy < »p

Finite case: mixed strategies. Game: n X m matrix P.

Strategy spaces:

k
z”:{XZ(X17"'7Xk):XiZO,ZXi:]_}
i=1
where k = n for PI1, k = m for PI2
f(Xay): Z Xl'yjpij:Xth

i=1,...,n,j=1,....m

The mixed extension of the initial game P: (X,, X, f(x,y) = x'Py)
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Zero sum games

To prove existence of a rational outcome

To have existence of a rational outcome for the game, need to prove:

Q v; = v, (the two conservative values agree)
@ there exists X fulfilling

vy = inf f(X,y)
y
(x is optimal for PI1)
@ there exists y fulfilling
Vo = sup f(XaY)

(¥ is optimal for PI2)

In the finite case optimal X and y always exist; thus existence is
equivalent to coincidence of the conservative values
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Zero sum games

The von Neumann theorem

A two player, finite, zero sum game as described by a payoff matrix P has
a rational outcome
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Proving the vN theorem

Convexity (1)

A set C C R" js said to be convex provided x,y € C, A € [0, 1] imply:

Ax+(1=NyeC

@ The intersection of an arbitrary family of convex sets is convex

o A closed convex set with nonempty interior coincides with the
closure of its internal points

We shall call a convex combination of elements xi, ..., x, any vector x of
the form
X = A+ + XX,

with Ay > 0,..., A, >0 and 37 A =1



Proving the vN theorem

Convexity (2)

Proposition

A set C is convex if and only if for every \1 > 0,..., X\, > 0 such that
Y Ai=1, foreveryci,...,co € C, forall n, then 37 ; Nic; € C

If C is not convex, then there is a smallest convex set containing C: it is
the intersection of all convex sets containing C

Definition

The convex hull of a set C, denoted by co C, is:

oCdzefﬂA

AeC

where C = {A: C C A N A is convex}
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Proving the vN theorem

Convexity (3)

Proposition

Given a set C, then
coC={) Aic: Ai>0,Y \i=1¢eCVi,neN}
i=1 i=1

The convex hull of any set C is the set made by all convex combinations
of points in C.

An interesting case is when C is a finite collection of points, in such a
case co C is called a polytope.
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Proving the vN theorem

Convexity (4)

Theorem

Given a closed convex set C and a point x outside C, there is a unique
element p € C such that, for all c € C

llp — || < [lc — ||

p is characterized by
epeC
o (x=p)(c—p)<O0forallceC
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Proving the vN theorem

A first separation result

Let C be a convex proper subset of the Euclidean space R!, let X € c/
C€. Then there is an element 0 # x* € R! such that, Vc € C:

t t—
x*ce>x*x

Proof Suppose X ¢ cl C and call p its projection on cl C. Then (X — p)t(c — p) < Oforallc € C. Setting x™ =p — % #0

e — %) > Ix)2

implying
Xte > x*tx
Vc € C. We can choose || x*|| = 1. If € C \ C, take a sequence {xp} C C€ such that x, — X. From the first step of the proof,
find norm one x such that
st st
X, € > X5 Xn
Ve € C. Thus, possibly passing to a subsequence, we can suppose x; — x™, where ||x*|| = 1 (so that x* # 0). Now take the limit

in the above inequality, to get:

Vee C |




Proving the vN theorem

Separating hyperplane

Corollary

Let C be a closed convex set in a Euclidean space, let x be on the
boundary of C. Then there is a hyperplane containing x and leaving all
of C in one of the halfspaces determined by the hyperplane

The hyperplane whose existence is established in the Corollary is said the
be an hyperplane supporting C at x

Corollary

Let C be a closed convex set in a Euclidean space. Then C is the
intersection of all halfspaces containing it
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Proving the vN theorem

The separation result

Theorem

Let A, C be closed convex subsets of R! such that int A is nonempty and
int AN C = (. Then there are 0 # x* and b € R such that, Va € A,

Vee C
x*Ta> b > x*'c

Proof Since 0 € (int A— C), we can apply the previous separation theorem to find x™ # 0 such
that
x*'x >0

Vx € int A— C. Thus:
Va € int A, Vc € C. This implies
VaccintA=AVvVeeCc N

H = {x : x*'x = b} is called the separating hyperplane: A and C are
contained in the two different halfspaces generated by H.
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Proving the vN theorem

Visualizing separation

separation of two convex sets

direction orthogonal to the

separeting hyperplane

Figura: The line contains elements x such that (x*, x) = cost and divides the
plane in two halfplanes one where the inner product il greater than cost, the
other one where it is smaller
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Proving the vN theorem

Optimality in Pure strategies

Theorem

If a player knows the strategy played by the other player, she can always
use a pure strategy to get the best outcome.

Proof Consider f.i. the second player, knowing that the first one plays a
mixed strategy X. Then the second player must minimize the function

f(x,y) = x*Py

over the simplex ¥ ,,. The maximum is reached in at least one vertex e;.
This corresponds to a pure strategy W
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Proving the vN theorem

Proving optimality

Given the payoff matrix P, and denoting by p.; (respectively p;. the
column j (resp. the row i, seen as a row vector ), the above theorem
implies that, setting f(x,y) = x'Py, the payoff of the first player in the
(mixed extension of the) game, in order to verify the existence of a
rational outcome we need to prove existence of X, ¥, v such that

o X'Pej = X'p.j > v for every column j;

o e'p;.y < v for every row i.
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Proving the vN theorem

The proof of vN theorem (1)

Proof Suppose all entries p;; of the matrix P are positive. Consider the vectors

p1,---,Pm of R, where p; denotes the jth column of the matrix P. Call C the convex
hull of these vectors, set

Q={xeR":x; <t} ANv=sup{t>0:QNC=0}
Since int @, N C =0, Q, and C can be separated by an hyperplane: there are

coefficients X1, ..., Xn, not all zero, and b € R such that, for all
u:(ulr"'yul‘l)e Qv, W:(W17-~~:Wn)€ C

Z)'(,-u; =(Xu)<b< Z)_(,'W,' = (X, w)
i=1 i=1
It holds

@ AIll X; must be nonnegative and, since they cannot be all zero, we can assume
Sxi=1

@ b =v; First of all, since v := (v,...,v) € Q,, from (X,V) = v we get b > v.
Suppose now b > v, and take a > 0 so small that b > v + a. Then
sup{>_7_; Xju; : u € Quia} < b, and this implies Q,12 N C = 0, against the
definition of v

Q@ QNC#0D Letwe Q NC. Then w = ij=1}7jpjx for some

Ym3>y=(p,-...,¥m). Observe that, since w € Q,, then w; < v for all i.



Proving the vN theorem

The proof of vN theorem: conclusion

We now prove that X is optimal for the first player, that y is optimal for
the second player, and that v is the value of the game.

o About the first player: since X*w > v for every w € C, by the
separation result, and since obviously every column p.; € C, then

X'pj>v

for all j;

o Now consider ijzl yipj = w € Q, N C as before. Then w; = yp;..
Since w € Q,, then w; < v for every i and

vV > w = ypi.

This concludes the proof. H
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Proving the vN theorem

An example

Consider
7 1 4 9
P=1| 3 10 6 2
4 5 30

The third row is strictly dominated by a convex combination of the first
two. Thus the payoff matrix reduces to

y 7 1 4 9

P= ( 3 10 6 2 )
It is easy to show that the line x + y =10 = %x + %y =5 contains the
first and the third column of P’, while the second and fourth column
verify x + y > 10. Thus (%, %, 0) is the optimal strategy of the first
player and v = 5. Moreover, to find the optimal strategy of the second
player, we need to write (5,5) as a convex combination of the vectors of
columns 1 and 3. This provides (%, 0, %, 0) as optimal strategy of the
second player.
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Proving the vN theorem

How to find optimal strategies in the general case

Von Neumann proof can be efficiently used to find rational outcomes of
payoff matrices than can be reduced to matrices where one player has
only two strategies. This is due to the fact that it is easy to visualize, in
this case, the separation line. But in more dimensions this becomes more
complicated, since it is not clear when and where the set Q; meets C.
Another method must be used.
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Proving the vN theorem

Finding optimal strategies:PI1

PI1 must choose a probability distribution X, > x = (xi,...,x,) in order
to maximize v with the constraints:

xip11+ -+ XaP1 =V
X1pyj + -+ XaPpj 2V

X1P1m + -+ XpPpm = V
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Proving the vN theorem

Finding optimal strategies:PI2

P12 must choose a probability distribution ¥, 2 y = (y1,...,¥m) in order
to minimize w with the constraints:

yipir+ - YmpPim S w
pir+ -+ YmPim < w

YiPn1 + -+ YmPom S W
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Proving the vN theorem

In matrix form

PI1:

MaXy,y V
Ptx > vl (D)
x>0 1'x=1

P12:

miny ,, w :
Py <wl, (2)
y>0 1ty =1

where 1 is a vector of the right dimension made by all 1's.
(1) and (2) are Linear Programming (LP) problems.
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A three slides course in Linear Programming

Dual linear programs: Form 1

Definition

The following two linear programs are said to be in duality:

min ctx max bty
(P) Ax > b (D) Aty < ¢
x>0 y>0

The min problem is called primal problem and the max is called dual
problem.
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A three slides course in Linear Programming

Dual linear programs: Form 2

Definition

The following two linear programs are said to be in duality:

min ctx mtaxbty
) { () { Aty=c
Ax>b y>0

The minimization problem in the second form can be written in an
equivalent way in the first form; dualizing this shows that the dual is
equivalent to the dual of the second form.
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A three slides course in Linear Programming

Feasibility of dual programs

Easy examples show that, given two problems in duality,

@ They can be both infeasible
@ Only one can be feasible
@ Both can be feasible
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A three slides course in Linear Programming

Example 1

Consider
min x; + X»

X1+ 2x >1
x1 2 0,x >0

Its dual is

max y
y<1
2y <1
y=>0

Since (x1,x) = (0, 3) fulfills the constraints of the primal problem and
y= % fulfills the constraints of the dual problem, they are both feasible.
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A three slides course in Linear Programming

Examples 2,3

Consider
min x; — X

x1+x0>2
—X1—X2Z—1
x120,x2>0

Its dual is

max2y; — y2
ni—y2<1
yi—y2<-1
y=>0

The primal is infeasible while (0, 1) is feasible in the dual.

Taking A=0, b=(1,...,1) and ¢ = (—1,...,—1) shows that both
problems can be infeasible.
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A three slides course in Linear Programming

Weak duality theorem

Theorem

Let v be the value of the primal min problem and V' the value of the dual
max problem. Then
v>V

Proof
Form 1:
ctx > (Aly)'x = y'Ax > y'b = b'y

Since this is true for all admissible x and y the result follows.

Form 2:
c'x = (Aly)'x = y'Ax > y'b = bly
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A three slides course in Linear Programming

Strong duality theorem

@ If the primal and dual problems are feasible, then both problems have optimal
solutions X,y and the optimal values coincide

v=clx=bly=V.
In this case we say that there is no duality gap.
@ If the primal is feasible and the dual is infeasible, then v =V = —c0
@ |[f the primal is infeasible and the dual is feasible, then v =V = 400
@ If both the primal and the dual are infeasible, then v =00 > V = —oo

Corollary

If one problem is feasible and has an optimal solution, then also the dual problem is
feasible and has solutions. Moreover there is no duality gap.
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A three slides course in Linear Programming

Complementarity conditions: Form 1

min ctx _ max bty
(P) {szb,XZO ' (D) {Atyéc,yzo

Let x,y be primal and dual feasible. Then X,y are simultaneously
optimal iff

Vj=1,....m) y>0=>" a;%=b

Proof Since c'x > y*Ax > b'y it follows that X,y are optimal iff
c'xt = y'Ax = b'y
This is equivalent to
XAy —c)=0 and J(Ax—b)=0

Since X,y > 0 and Ax > b, A'y < c the latter are equivalent to (CC). W



A three slides course in Linear Programming

An example

Consider
minx; + Xo :

2x1 + x> 2
x1+2x <2
x120,x2>0

Its dual is

max2y; — 2y» :
2y1—y2 <1
yi—2y <1
120,220

We have v =1, (X, %) =(1,0); V=1, (4, %) = (%,0).
Check of the complementarity conditions:

1
i=520=2%4% =2 x=1>0=2n-y =1
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Back to zero sum games

Equivalent formulation

Back to a zero sum game described by a payoff matrix P. We can assume, w.l.o.g.,
that p; > 0 for all /,j. This implies v > 0
Set oy = . Then > x; = 1 becomes o = % and maximizing v is equivalent to

minimizing > o;. Set 3; = y;’ and do the same as before.

Consider the two problems in duality

min cta max btf3
(P) Aa > b (D) AtB < c
a=>0 g>0

where ¢t = (1,...,1), b* =(1,...,1), A= P~
Denote by v the common value of the two problems. We have

@ x is optimal strategy for PI1 if and only if x = va for some «
optimal solution of (P)

@ y is optimal strategy for PI1 if and only if y = v3 for some
optimal solution of (D)
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Back to zero sum games

Complementarity conditions in zero sum games

Write again the complementarity conditions for the above problems,
being x,y strategies for the two players:

() (Vi=1,...,n) X>0=3" pjyj=v
(ijl,...,m) )7j>0:>27:1pj,-)_<,-:v
Interpretation:

Since y is optimal for P12, it is ijzl piy; = v for all i, and thus x; > 0
implies that the row i is optimal for PI1. And conversely for PI2.
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Back to zero sum games

Summarizing

o A finite zero sum game has always rational outcome in mixed
strategies

@ The set of optimal strategies for the players is a nonempty closed
convex set

@ The outcome, at each pair of optimal strategies, is the common
conservative value v of the players
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Back to zero sum games

Symmetric games

Definition

A square matrix n x n P = (pj;) is said to be antisymmetric provided
pj=—pji foralli,j=1,...,n.

A (finite) zero sum game is said to be fair if the associated matrix is
antisymmetric

In fair games there is no favorite player
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Back to zero sum games

Fair outcome

If P = (pjj) is antisymmetric the value is 0 and X is an optimal strategy
for PI1 if and only if it is optimal for PI2

Proof Since
x"Px = (x'Px)! = x'P'x = —x"Px

f(x,x) = 0 for all x: this implies vy <0,v» >0

Then v=20

If X is optimal for the first player, x*Py > 0 for all y and transposing
y'Px <O0forally € ¥,

thus X is optimal also for the second player, and conversely H
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Back to zero sum games

Finding optimal strategies in a fair game

Need to solve the system of inequalities

X1p11 + -+ XpPo1 > 0
X1p1j + -+ XpPnj = 0 (3)

leln"’ +annn Z 0

with the extra conditions:
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Back to zero sum games

A proposed exercise

Find the optimal strategies of the following fair game:

0 3 -2 0
3 0 0 4

P=1 2 o o -3
0 —4 3 0
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